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Abstract
Let H be a group, m be a positive integer, ExtmH be the set of all
isomorphic in G classes of group monomorphisms ϕ : H → G such that
index of ϕ(H) in G is m. The main goal of this paper is to describe
the elements of ExtmH in terms of a new concept of hypergroups
over the group. The obtained result is a very broad generalization of
the Schreier theorem (1926). As an application, a series of interme-
diate generalizations is obtained; particularly, a description of the set
Ext(H,Q) of isomorphic classes of all extensions of a noncommutative
group H by Q.
Keywords: hypergroup over the group, exact product, group extension.
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1 Introduction
In group theory, there are two diametrically opposite understandings of the
expression “the extension of one group by another group”. Let
E → H → G→ Q→ E
be a short exact sequence of groups. Then G is called an extension of Q by
H, as well as an extension of H by Q. The second name is in better agree-
ment with the tradition established in other areas of mathematics (fields
extension, rings extension, etc.). In this paper, more generally, we shall call
an extension of a group H any monomorphism of groups ϕ : H → G.
For any extension ϕ : H → G, the image ϕ(H) is a subgroup of G, iso-
morphic to H, and actually is identified with H. The index of the subgroup
ϕ(H) of the group G is called the degree of the extension ϕ.
Let ExtmH be the set of classes of isomorphic in G extensions of the
group H of a given degree m. The main goal of this paper is to introduce
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a concept of a hypergroup over the group and to describe in terms of this
concept the elements of ExtmH.
The structure of a hypergroup over the group arises in a standard way
on each complementary (sub)set M to a subgroup H of any group G and
the corresponding object is denoted by MH . The concept of a hypergroup
MH over the group unifies and generalizes the concepts of a group, field,
linear space over the field. All hypergroups over the group together with
their morphisms form a category (Sec. 2).
The above mentioned standard construction of a hypergroup over the
group is universal: any hypergroup MH over the group is isomorphic to a
hypergroup over the group, which is obtained in such a standard way. A
key role in the proof of this property of universality plays the notion of an
(outer) exact product associated with a hypergroup over the group. This
notion generalizes the notions of the direct product, the semidirect product
and the general product in the sense of B. Neumann (Sec. 3).
Let Hg(H,M) be the set of classes of isomorphic hypergroups MH
over the group H. In Section 4, we define a group G and an action A of this
group on Hg(H,M).
Let Hg(H,M)/A be the corresponding quotient-set (i.e. the set of
orbits under this action). The main result of this paper is the following
theorem of Sec. 5.
Theorem 1. There is a canonical bijection between the sets Extm(H) and
Hg(H,M)/A, where m = |M |.
This theorem is a very broad generalization of the Schreier theorem
(1926), which can be obtained from this theorem by imposing a number of
restrictions.
Any hypergroup MH over the group has a system of structural map-
pings Ω = (Φ,Ψ,Ξ,Λ). Firstly, by considering the set Hg0(H,M) of all
hypergroups MH over the group with a trivial action of the group H (i.e.
with a trivial structural mapping Φ), we prove that the set Extm,0(H), con-
sisting of all normal extensions ϕ (it means that ϕ(H) is a normal subgroup
of G), is bijective to Hg0(H,M)/A (Theorem 11, Section 6).
Then, we consider the subsets Hg0(H,M, [Ξ]) and Hg0(H,M,Ξ) of
Hg0(H,M), consisting of all hypergroups over the group with a fixed iso-
morphity class [Ξ], in the first case, and with a fixed Ξ, in the second case,
and prove that the sets of orbits Hg0(H,M, [Ξ])/A and Hg0(H,M,Ξ)/A0
are bijective to the set Ext(H,Q) of isomorphic classes of all extensions of
H by the group Q = (M,Ξ) (Theorems 12 and 13, Section 6).
Finally, by considering only the commutative groups H, we get the
Schreier’s theorem (Theorem 16, Sec. 7).
We want to emphasize that Theorems 12 and 13 are generalizations of
Schreier’s theorem in the most general case of a noncommutative group H.
2
2 The standard construction
of a hypergroup over the group
Let G be a multiplicative group and H be a subgroup of G. Let
Q = H\G = {H · a, a ∈ G}
be the corresponding right quotient-set and
ψ : G→ Q, a 7→ H · a
be the associated surjective right quotient-map. Recall that a section of a
surjective map ψ is a map σ, satisfying the condition σ ◦ ψ = id. A right
transversal to a subgroup H of a group G is a subset M of G such that
|M ∩ (H · a)| = 1 for any element a ∈ G. A subset M of G is a right
transversal to the subgroup H if and only if M is the image of a section σ
of the right quotient-map ψ.
Definition 1. It is said that a (multiplicative) group G is an exact product
of its subsets A and B if for any x ∈ G there are unique a ∈ A and b ∈ B such
that x = a · b. In this case we write G = A⊙B. A subset M ⊂ G is called
a right complementary set to a subgroup H of a group G if G = H ⊙M . It
is not difficult to check that M is a right complementary set to a subgroup
H of a group G if and only if M is a right transversal to H.
Let G = H ⊙M . Define the mappings
Φ :M ×H →M, Φ(a, α) = aα, Ψ :M ×H → H, Ψ(a, α) = aα,
Ξ :M ×M →M, Ξ(a, b) = [a, b], Λ :M ×M → H, Λ(a, b) = (a, b),
by formulas
a · α = aα · aα, a · b = (a, b) · [a, b] (F1)
and let Ω = (Φ,Ψ,Ξ,Λ).
Theorem 2. The system of mappings Ω has the following properties.
P1) The mapping Ξ is a binary operation such that
(i) (M,Ξ) is a right quasigroup, i. e. any equation [x, a] = b with
elements a, b ∈M has a unique solution in M ;
(ii) the binary operation Ξ has a left neutral element o, which means
that [o, a] = a for any a ∈M .
P2) The mapping Φ is an action of the group H on the set M , that is
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(i) (aα)β = aα·β for any pair of elements α, β ∈ H and for every
a ∈M ;
(ii) aε = a for any a ∈M , where ε is the neutral element of the group
H.
P3) The mapping Ψ is surjective.
P4) The following identities A1) - A5) hold:
(A1) a(α · β) = aα · a
α
β;
(A2) [a, b]α = [a
bα, bα];
(A3) (a, b) · [a,b]α = a(bα) · (a
bα, bα);
(A4) [[a, b], c]) = [a(b,c), [b, c]];
(A5) (a, b) · ([a, b], c) = a(b, c) · (a(b,c), [b, c]).
Proof. The relationships (aα)β = aα·β and (A1) are obtained by applying
(F1) to the identity of associativity
(a · α) · β = a · (α · β), a ∈M, α, β ∈ H,
and by using the uniqueness of the decomposition, associated with the exact
product G = H ⊙M .
Similarly, relations (A2), (A3) and (A4), (A5) can be obtained, respec-
tively, from the identities of associtivity
(a · b) · α = a · (b · α), (a · b) · c = a · (b · c)
with a, b, c ∈ M, α ∈ H, whereas the relation aε = a (together with the
relation aε = ε) can be obtained from the equality
a · ε = ε · a.
Let
e = θ · o, θ ∈ H, o ∈M
be the decomposition of the neutral element e = ε ∈ H ⊙M of G. Then for
any a ∈M we will have
ε · a = θ · o · a = (θ · (o, a)) · [o, a].
Consequently, [o, a] = a (and θ · (o, a) = ε).
Since
(α · θ) · o = α = θ · (o · α) = (θ · oα) · oα,
we get the relations oα = θ−1 · α · θ and oα = o. As a consequence of the
first relation, the mapping Ψ is surjective.
To complete the proof of Theorem 2 it remains to prove property P1(i).
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Suppose that for any a ∈M the elements a(−1) ∈ H, a[−1] ∈M are the
uniquely determined elements, satisfying
a−1 = a(−1) · a[−1].
Then
a(−1) · (a[−1], a) · [a[−1], a] = a(−1) · a[−1] · a = a−1 · a = e = θ · o,
and consequently
[a[−1], a] = o, a(−1) · (a[−1], a)) = θ.
The first equalities means that a[−1] is a left inverse element to a with respect
to the operation Ξ, and the second equality can be considered as a variant
of the definition of a(−1).
Lemma 1. For any elements x, a, b ∈M we have
[x, a] = b ⇔ x = [ba
(−1)
, a[−1]], (x, a) · b(a(−1)) · (ba
(−1)
, a[−1]) = ε.
Proof. By formula (F1) we have the following chain of equivalent equalities:
[x, a] = b ⇔ (x, a) · [x, a] = (x, a) · b ⇔ x · a = (x, a) · b ⇔
x = (x, a) · b · a−1 ⇔ x = (x, a) · b · a(−1) · a[−1] ⇔
x = (x, a) · b(a(−1)) · ba
(−1)
· a[−1] ⇔
x = (x, a) · b(a(−1)) · (ba
(−1)
, a[−1]) · [ba
(−1)
, a[−1]] ⇔
x = [ba
(−1)
, a[−1]], (x, a) · b(a(−1)) · (ba
(−1)
, a[−1]) = ε.
Corollary. The equation [x, a] = b for a, b ∈M can have no more than one
solution in M . Such a solution can be only x = [ba
(−1)
, a[−1]]. This value of
x will be a solution if and only if the equality
([ba
(−1)
, a[−1]], a) · b(a(−1)) · (ba
(−1)
, a[−1]) = ε (S)
holds.
Substituting the value x = [ba
(−1)
, a[−1]] in equation, we check that it
is a solution:
[[ba
(−1)
, a[−1]], a] = [[ba
(−1)
·(a[−1],a), [a[−1], a]] = [bθ, o] = (bθ)θ
−1
= b.
Here we use the relation [a, o] = aθ
−1
, which can be deduced (together with
the relation (a, o) = a(θ−1)) from the equalities
(a, o) · [a, o] = a · o = a · θ−1 = a(θ−1) · aθ
−1
.
Thus, Theorem 2 is completely proved. Note that along the proof above we
have also proved the identity (S).
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Definition 2. Let H be an arbitrary group. A right hypergroup over the
group H is a set M together with a system of structural mappings Ω =
(Φ,Ψ,Ξ,Λ), satisfying conditions P1, P2, P3, P4. We denote by MH this
hypergroup over the group.
The first definition of a hypergroup over the group was given in [6].
That definition was very cumbersome and contained some extra conditions
(which can be deduced from a smaller number of conditions). An improved
definition, close to Definition 2, is given in [7].
Remark. Similarly, by considering the left quotient-set G/H = {a·H, a ∈
G} one can define the left hypergroup over the group H. All notions and
results for right hypergroups over the group allow dual notions and results
in the case of left hypergroups over the group. In the rest of this paper we
consider only right hypergroups over the group and omit the word ”right”.
Based on Definition 2 and Theorem 2, the following theorem can be
formulated.
Theorem 3. A hypergroup MH over the group can be canonically associated
to any subgroup H of an arbitrary group G and each complementary set M
to H in G.
We call the corresponding construction the standard construction of a
hypergroup over the group.
Remark. Using the standard construction of a hypergroup over the group,
we have an opportunity for any subgroup H of an arbitrary group G to
define an (induced by binary operation of G) operation on the quotient-set
Q of G by H: it suffices to consider an arbitrary section σ of the quotient-
map ψ : G → Q, to take a transversal M = σ(Q) to the subgroup H, to
construct the corresponding hypergroup over the group MH and to transfer
the binary operation Ξ of M on Q by σ.
Thus, this operation on the quotient-set Q depends on the choice of
the section σ. Therefore, in general, it is not determined uniquely (even up
to an isomorphism) and it is not a group operation (it determines on Q a
structure of a right quasigroup with a left neutral element). If H is a normal
subgroup of G, for any section σ the induced binary operations on Q are
isomorphic to a unique (quotient-)group operation.
Definition 3. Let MH and M
′
H′ be two hypergroups over the group with
systems of structural mappings Ω = (Φ,Ψ,Ξ,Λ) and Ω′ = (Φ′,Ψ,Ξ′,Λ′),
respectively.
A morphism of hypergroups over the group
f :MH →M
′
H′
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is a pair f = (f0, f1), consisting of a homomorphism of groups
f0 : H → H
′
and of a map of sets
f1 :M →M
′,
preserving the structural mappings, i.e., such that the following diagrams
commute:
M ×H M
M ′ ×H ′ M ′
Φ
f1 × f0 f1
Φ′
M ×H H
M ′ ×H ′ H ′
Ψ
f1 × f0 f0
Ψ′
M ×M M
M ′ ×M ′ M ′
Ξ
f1 × f1 f1
Ξ′
M ×M H
M ′ ×M ′ H ′
Λ
f1 × f1 f0
Λ′
The composition of two morphisms
f :MH →M
′
H′ , g :M
′
H′ →M
′′
H′′
is defined componentwise: f ◦ g = (f0 ◦ g0, f1 ◦ g1).
The identical morphism 1MH of a hypergroup MH over the group is
given by the pair (1H , 1M ).
Proposition 1. All hypergroups over the group and their morphisms to-
gether with composites of morphisms and identical morphisms form a cate-
gory.
Proof. The verification of axioms of category is trivial.
As a consequence of this proposition, we can apply to the category of
hypergroups over the group all notions and results of the general theory of
categories. Emphasize that an isomorphism of hypergroups over the group
consists of an isomorphism of groups and a bijection of sets.
We denote the category of hypergroups over the group by Hg. All
hypergroups over the fixed group H and their morphism with identical first
component form a subcategory Hg/H of the category Hg. If the group
H = {ε} is trivial, we denote Hg/H by Hg0.
Example. Let H = {ε} be a trivial group. Then the structural mappings
Φ,Ψ,Λ are uniquely defined and Ξ is an associative binary operation on
M with a left neutral element o and with a left inverse element a[−1] for
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any element a from M . Consequently, (M,Ξ) is a group. Therefore the
correspondence MH 7→ (M,Ξ) determines an isomorphism between Hg0
and the group category.
Example. Let k be a field (generally with a noncommutative multiplica-
tion). Suppose that L is a linear space over k with a right multiplication by
elements of k. Let (M,Ξ) be the additive group of L and H be the multi-
plicative group k∗ of k. Let Φ be the multiplication of elements a ∈M = L
by elements α ∈ H ⊂ k (that is aα = a · α), and mappings Ψ and Λ be
trivial, that is aα = a and (a, b) = ε for any a, b ∈M , α ∈ H. Then proper-
ties P1 − P4 hold and, consequently, MH is a hypergroup over the group.
Thus we have a canonical injection of the category of linear spaces over k in
Hg/k∗.
Example. Suppose that k is an arbitrary field (generally, with a noncom-
mutative multiplication). Let (M,Ξ) be the additive group, H = k∗ be the
multiplicative group of k, Φ(a, α) = a · α, Ψ(a, α) = α, Λ(a, b) = ε for all
α ∈ H, a, b ∈M . Then the system of structural mappings Ω = (Φ,Ψ,Ξ,Λ)
determines a hypergroup MH . By assigning k 7→ MH we get an injective
functor from the category of (noncommutative) fields to Hg.
3 The universality property
of standard construction
In this section we prove a fundamental property of universality for the stan-
dard construction of a hypergroup over the group. In Theorem 5, we prove
that any hypergroup over the group, up to isomorphism, may be obtained
by the standard construction. This result implies the following principle:
Any property, which is true for all hypergroups over the group that are
obtained by the standard construction, is true for an arbitrary hypergroup
over the group.
The proof of the property of universality is based on properties that
are postulated in the Definition 2 of a hypergroup over the group, but also
uses some additional properties of hypergroups over the group, which are
simple consequences of these postulated conditions. Some these properties
we have already got in the proof of Theorem 2, but only for the hypergroups
over the group arising by the standard construction. To have a possibility
to apply these properties in the general case (to hypergroups over the group
defined by Definition 2) we have to deduce these properties directly from
the properties postulated in Definition 2. Thus, the above principles will be
comprehensive.
Proposition 2. Let MH be an arbitrary hypergroup over the group, ε be the
neutral element of the group H, o be the left neutral element of the operation
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Ξ and θ = (o, o)−1. Then for any a ∈ M, α ∈ H the following equalities
hold:
(A6) aε = ε;
(A7) oα = o;
(A8) oα = θ−1 · α · α;
(A9) (o, a) = θ−1;
(A10) [a, o] = aθ
−1
;
(A11) (a, o) = a(θ−1).
Proof. (A6). It is sufficient to substitute α = ε in (A1) and to use P2(ii).
(A7). Substitute a = o in (A2), use P1(ii), P1(i) and P3.
(A8). Substitute a = b = o in (A3), use (A7), P3.
(A9). Substitute a = b = o in (A5), use (A8), (A7), P1(ii).
(A10). Substitute b = o in (A4), use P1(i).
(A11). Substitute b = c = o in (A5) , use (A10).
Let MH be an arbitrary hypergroup over the group. Denote by G the
Cartesian product H ×M of sets H and M . Here, it is convenient to write
the elements of G in a form αa, α ∈ H, a ∈M .
We define a binary operation on G by the formula
αa · βb = (α · aβ · (aβ, b))[aβ , b]. (F2)
Lemma 2. The operation (F2) is associative:
(αa · βb) · γc = αa · (βb · γc).
Proof. According to (F2) we have
(αa · βb) · γc = ((α · aβ · (aβ, b)) · [a
β ,b]γ · ([aβ , b]γ , c))[[aβ , b]γ , c]
and
αa · (βb · γc) = (α · a(β · bγ · (bγ , c)) · (aβ·
bγ·(bγ ,c), [bγ , c])[aβ·
bγ·(bγ ,c), [bγ , c]].
Here
(α · a(β · bγ · (bγ , c)) · (aβ·
bγ·(bγ ,c), [bγ , c]) =
α · aβ · a
β
(bγ) · a
β·bγ
(bγ , c) · (aβ·
bγ·(bγ ,c), [bγ , c]) =
α · aβ · (aβ, b) · [a
β , b]γ · ((aβ)
bγ , bγ)−1 · a
β·bγ
(bγ , c) · (aβ·
bγ·(bγ ,c), [bγ , c]) =
α · aβ · (aβ , b) · [a
β , b]γ · ([aβ·
bγ , bγ ], c) =
((α · aβ · (aβ , b)) · [a
β ,b]γ · ([aβ , b]γ , c))
according to (A1), (A3), (A5), (A2), and
[[aβ , b]γ , c] = [aβ·
bγ·(bγ ,c), [bγ , c]].
according to (A2), (A4).
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Lemma 3. The binary operation (F2) has a left neutral element θo.
Proof. For any element αa ∈ G we have
θo · αa = (θ · oα · (oα, a))[oα, a] = αa.
according to (F2), (A8), (A7), (A9), P1(ii).
We denote the unique solution of an equation [x, a] = o by a[−1] and
call a left inverse element to a in the quasigroup (M,Ξ).
Lemma 4. Any element αa of G has a unique left inverse element ξx ∈ G,
defined by the relation ξx · αa = θo. Namely,
x = (a[−1])α
−1
, ξ = θ · (a[−1], a)−1 · (xα)−1. (F3)
Proof. By (F2), ξx · αa = θo if and only if
ξ · xα · (xα, a) = θ, [xα, a] = o.
This system has a unique solution (F3).
Combining the results of Lemmas 2, 3 and 4, we obtain the following
theorem.
Theorem 4. For any hypergroup MH over the group, the set G = H ×M
together with the binary operation defined in (F2) is a group.
Proof. It suffices to use that every associative right quasigroup with a left
neutral element is a group.
Definition 4. Let MH be an arbitrary hypergroup over the group. The
group with a basic set H ×M and a multiplication operation (F2) is called
an (outer) exact product, associated with the hypergroup MH and is denoted
by H ⊙M .
Example. Let MH be a hypergroup over the group with trivial structural
mappings Φ,Ψ,Λ:
aα = a, aα = α, (a, b) = ε
for any α ∈ H, a, b ∈M . Then (M, Ξ) is a group and the outer exact prod-
uct associated with the hypergroup MH coincides with the direct product
of groups H and (M, Ξ).
Example. Suppose that only Φ and Λ are trivial: aα = a, (a, b) = ε for a
hypergroupMH . Then again (M, Ξ) is a group and the outer exact product
associated with the hypergroupMH is a semidirect product of H by (M, Ξ)
(see for example [5], p. 167).
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Example. If we have only one condition (a, b) = ε for MH , then (M, Ξ) is
a group as well, and the corresponding exact product is a general product
of H and (M, Ξ) in the sense of B. Neumann [3] (see also [4], p. 485).
Thus, the notion of an (outer) exact product, associated with a hy-
pergroup over the group, generalizes the notions of a direct product, of a
semidirect product, of a general product of groups.
Using the construction of the outer exact product, associated with a
hypergroup over the group, we show that the standard construction of a
hypergroup over the group is universal in the following sense.
Theorem 5. Any hypergroup over the group is isomorphic to a hypergroup
over the group, arising by the standard construction. More precisely, let MH
be an arbitrary hypergroup over the group and G = H ⊙M . Consider the
maps
f0 : H → G, α 7→ α = (α · θ)o, f1 :M → G, a 7→ a = εa,
and their images H = im f0, M = im f1. Then H is a subgroup of G, M is a
complementary set to H and we have a hypergroup over the group MH with
a system of structural mappings Ω = (Φ,Ψ,Ξ,Λ). This hypergroup over the
group is isomorphic to MH . Such an isomorphism is established by a pair
f = (f0, f1), consisting of corestrictions of f0 and f1:
f0 : H → H, f0(α) = f0(α), f1 :M →M, f1(a) = f1(a).
Proof. It is evident that f0 and f1 are injective maps and f0 is a homomor-
phism, since
(α · θ)o · (β · θ)o = (α · θ · o(β · θ) · (oβ·θ, o))[oβ·θ, o] = ((α · β) · θ)o
according to (F2), (A8), (A7), P1(ii). Thus, f0 is an isomorphism of groups
and f1 is a bijection of sets.
Lemma 5. For any elements ξ ∈ H, x ∈M
ξ · x = (ξ · θ)o · εx = ξx.
Proof. We have
(ξ · θ)o · εx = (ξ · θ · oε · (oε, x))[oε, x] = ξx.
according to (F2), (A6), (A7), (A9) and P1(ii).
Corollary. The set M is a complementary set to the subgroup H, i. e. for
any αa ∈ G there exist unique ξ ∈ H and x ∈M such that αa = ξ · x.
Proof. The only values satisfying this relation are ξ = α, x = a.
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To complete the proof of Theorem 5, it remains to verify that the pair
f = (f0, f1) preserves all structural mappings, that is
aα = aα, aα = aα, [a, b] = [a, b], (a, b) = (a, b) (F4)
for any α ∈ H, a, b ∈M .
Lemma 6. For arbitrary elements α ∈ H, a ∈M
a · α = (εa) · ((α · θ)o) = aαaα.
Proof. Indeed, we have
(εa) · ((α · θ)o) = (ε · a(α · θ) · (aα·θ, o))[aα·θ, o] =
= (aα · a
α
θ · a
α·θ
(θ−1))(aα·θ)θ
−1
= (aα · a
α
(θ · θ−1))aα = (aα · ε)aα = aαaα
according to (F2), (A1), (A11), (A10), P2(i), (A6).
Using Lemmas 5 and 6, we get
a · α = aαaα = aα · aα.
On the other hand, according to (F1)
a · α = aα · aα.
Hence, in view of the uniqueness of the corresponding decomposition in the
exact product G = H ⊙M , we get
aα = aα, aα = aα.
Two last relations of (F4) are deduced in a similar manner.
Lemma 7. For any a, b ∈M
a · b = (a, b)[a, b] = (a, b) · [a, b].
Proof. We have
a · b = εa · εb = (ε · aε · (aε, b))[aε, b] = (ε · (a, b))[a, b] = (a, b)[a, b],
according to (F2), (A7), P2(ii) and
(a, b) · [a, b] = ((a, b) · θ)o · ε[a, b] = ((a, b) · θ) · oε · (oε, [a, b])[oε, [a, b]] =
= ((a, b) · θ) · ε · (o, [a, b])[o, [a, b]] = (a, b)[a, b]
according to (F2), (A6), (A7), (A9), P1(ii).
By (F1)we have also
a · b = (a, b) · [a · b].
Therefore
[a, b] = [a, b], (a, b) = (a, b).
Theorem 5 is proved.
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4 Group actions
Let MH be an arbitrary hypergroup over the group and Ω = (Φ,Ψ,Ξ,Λ) be
its system of structural mappings. Here we use the results and denotations
of Theorem 5.
Consider an arbitrary map
κ :M → H, a 7→ κa
and the set
κM = {κa · a = κaa, a ∈M}.
Obviously, this set is a subset of G complementary to the subgroup H.
Therefore, in a standard way, we obtain a hypergroup over the group κMH .
We denote its system of structural mappings by Ωκ = (Φκ,Ψκ,Ξκ,Λκ) and
use the following short notations:
Φκ(κaa, α) = (κaa)
α, Ψκ(κaa, α) =
κaaα,
Ξκ(κaa, κbb) = [κaa, κbb], Λκ(κaa, κbb) = (κaa, κbb).
Applying (F1), Lemma 5, homomorphity of f0, we get
κaaα · (κaa)
α = (κaa) · α = κa · a · α = κa ·
aα · aα =
= κa · aα · κaα
−1 · κaα · aα = κa · aα · κ
−1
aα · κaαa
α.
Similarly
(κaa, κbb) · [κaa, κbb] = κaa · κbb = (κa ·
a(κb) · (a
κb , b))[aκb , b] =
= κa · a(κb) · (aκb , b) · [aκb , b] =
= κa · a(κb) · (aκb , b) · κ[aκb ,b]
−1 · κ[aκb ,b] · [aκb , b] =
= κa · a(κb) · (aκb , b) · κ
−1
[aκb ,b] · κ[aκb ,b][a
κb , b].
Hence, the following lemma is proved.
Lemma 8. The systems of structural mappings Ω = (Φ,Ψ,Ξ,Λ) and Ωκ =
(Φκ,Ψκ,Ξκ,Λκ) of hypergroups over the groups MH and κMH , respectively,
are connected by formulas:
(i) (κaa)
α = κaαa
α,
(ii) κaaα = κa · aα · κ
−1
aα ,
(ii) [κaa, κbb] = κ[aκb ,b][a
κb , b],
(iv) (κaa, κbb) = κa · a(κb) · (aκb , b) · κ
−1
[aκb ,b].
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Consider a pair fκ = (f0, f
′
κ), consisting of the isomorphism of groups
f0 : H → H defined in Theorem 5 and of the bijection of sets
f
′
κ :M → κM, a 7→ κaa = κ · a.
By using fκ and Ωκ = (Φκ,Ψκ,Ξκ,Λκ), we define a system of mappings
Ωκ = (Φκ,Ψκ,Ξκ,Λκ) in the following way:
Φκ :M ×H →M, Φκ = fκ · Φκ · (f
′
κ)
−1,
Ψκ :M ×H → H, Ψκ = fκ ·Ψκ · (f0)
−1,
Ξκ :M ×M →M, Ξκ = (f
′
κ, f
′
κ) · Ξκ · (f
′
κ)
−1,
Λκ :M ×N → H, Λκ = (f
′
κ, f
′
κ) · Λκ · (f0)
−1.
This means that the pair fκ = (f0, f
′
κ) preserves the systems of mappings
Ωκ = (Φκ,Ψκ,Ξκ,Λκ) and Ωκ = (Φκ,Ψκ,Ξκ,Λκ).
Applying the definition of mappings (Φκ,Ψκ,Ξκ,Λκ) to the relations
(i)-(iv) we get the following formulas:
(i)κ Φκ(a, α) = Φ(a, α),
(ii)κ Ψκ(a, α) = κa ·Ψ(a, α) · κ
−1
aα ,
(iii)κ Ξκ(a, b) = Ξ(Φ(a, κb), b),
(iv)κ Λκ(a, b) = κa ·Ψ(a, κb) · Λ(Φ(a.κb), b) · κ
−1
Ξ(Φ(a,κb),b)
.
We can define the system of mappings Ωκ = (Φκ,Ψκ,Ξκ,Λκ) by these for-
mulas.
Proposition 3. Let MH be an arbitrary hypergroup over the group and
Ω = (Φ,Ψ,Ξ,Λ) be its system of structural mappings. Let f0 : H → H
′ be
an arbitrary epimorphism of groups, f1 :M →M
′ be an arbitrary surjection
of sets and Ω′ = (Φ′,Ψ′,Ξ′,Λ′) be a system of mappings on the pair (H ′,M ′)
such that the pair f = (f0, f1) preserves the systems of mappings Ω and Ω
′.
Then the system of mappings Ω′ satisfies conditions P1(ii), P2, P3, P4.
Condition P1(i) holds partially: any equation [x′, a′] = b′ in M ′ has a root.
Condition P1(i) is fulfilled completely, if f1 is a bijection.
Proof. Conditions P2(i), P4 for Ω′ are identities in variables belonging to
M ′ and H ′, formed by superpositions of mappings of the system Ω′. They
are the images of corresponding identities in variables belonging to M and
H (formed by superpositions of mappings of system Ω) which are satisfied,
since MH is a hypergroup over the group. Since f0 is an epimorphism, f1
is a surjection and their pair f preserves the system of mappings Ω and Ω′,
conditions P2(ii), P4 are satisfied for the system of mappings Ω′, as well.
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Property P3 for Ω′ follows from the surjectivity of mappings Ψ, f0, f .
The image of the neutral element ε of the group H under the epimor-
phism f0 is the neutral element ε
′ of the group H ′. Therefore condition
P2(ii) is satisfied for Ω′.
Condition P1(ii) will be satisfied for Ω′, since o′ = f1(o) is the neutral
element of the binary operation Ξ′.
Finally, any equation [x′, a′] = b′ in M ′ has a root, since for arbitrary
a, b ∈ M such that f1(a) = a
′, f1(b) = b
′ the equation [x, a] = b has a root
in M . If f1 is a bijection, it is clear that this root is unique.
Corollary. For an arbitrary hypergroup over the group MH with the system
of structural mappings Ω = (Φ,Ψ,Ξ.Λ) and for any map κ : M → H the
system of mappings Ωκ = (Φκ,Ψκ,Ξκ,Λκ), defined by formulas (i)κ − (iv)κ
defines a structure of a hypergroup over the group H on the basic set M .
We denote this hypergroup (MH)κ.
Proof. The pair of maps fκ = (f0, f
′
κ) satisfies conditions of the Proposition
3. Consequently, the system Ωκ satisfies the conditions P1(ii), P2, P3, P4.
Condition P1(i) is also satisfied, since f
′
κ has an inverse map f
′
κ−1 . Hence,
the system of mappings Ωκ defines a structure of a hypergroup over the
group H on M .
Let H be a group, M be an arbitrary set, Hg(M,H) be the set of all
hypergroups MH with the basic set M over the group H. This means that
for a given pair (M,H), Hg(M,H) is the set of all (structural) mappings
Ω = (Φ,Ψ,Ξ,Λ) satisfying conditions P1 - P4.
Consider the set
HM = {κ :M → H, a 7→ κa}
with a group operation ∗ induced by the group operation on H: for any
elements κ, λ ∈ HM by definition
(κ ∗ λ)a = κa · λa.
For any element κ ∈ HM and for an arbitrary map f : M → M , the
composite f · κ is an element of HM such that (f · κ)a = κf(a).
Proposition 4. (a) The neutral element for the operation ∗ is the map εM ,
sending each element a ∈M to the neutral element ε of the group H.
(b) The inverse element to κ ∈ HM is an element κ−1 such that
(κ−1)a = (κa)
−1 for every a ∈M .
(c) For any elements κ, λ ∈ HM and for an arbitrary map f :M →M
we have the relations:
(f · κ) ∗ (f · λ) = f · (κ ∗ λ), f · εM = εM .
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The proof is trivial.
Theorem 6. Let H be an arbitrary group, M be an arbitrary set. Then the
mapping
T : HM ×Hg(M,H)→ Hg(M,H), (κ,MH ) 7→ (MH)κ
is a reverse action of the group HM on the set Hg(M,H), that is, the
following properties hold:
(a) for arbitrary κ, λ ∈ HM and for every hypergroup MH over the group
(MH)λ∗κ = ((MH)κ)λ;
(b) the neutral element εM of the group HM acts on Hg(M,H) identically,
that is (MH)εM =MH for any MH ∈ Hg(M,H).
Proof. To get the properties (a) and (b) it is necessary to check the corre-
sponding properties for each structural mapping separately, using the defi-
nitions (i)κ − (iv)κ. This is trivial for property (b). Let us check property
(a).
(i)κ. For structural mapping Φ we have
((MH )κ)λ = (MH)κ =MH = (MH)λ∗κ.
(ii)κ. Let us check property (a) for Ψ. For any κ, λ ∈ H
M we have
(Ψκ)λ(a, α) = λa ·Ψκ(a, α) · λ
−1
aα = λa · κa ·Ψ(a, α) · κ
−1
aα · λ
−1
aα =
= (λ ∗ κ)a ·Ψ(a, α) · (λ ∗ κ)
−1
aα = Ψλ∗κ(a, α).
(iii)κ. In the case of the structural mapping Ξ we have
(Ξκ)λ(a, b) = Ξκ(Φκ(a, λb), b) = Ξ(Φ(Φ(a, λb), κb), b) =
= Ξ(Φ(a, λb · κb), b) = Ξ(Φ(a, (λ ∗ κ)b), b) = Ξλ∗κ(a, b).
(iv)κ. For the structural mapping Λ the calculations are more compli-
cated.
(Λκ)λ(a, b) = λa ·Ψκ(a, λb) · Λκ(Φκ(a.λb), b) · λ
−1
Ξκ(Φκ(a,λb),b)
=
= λa · (κa ·Ψ(a, λb) · κ
−1
Φ(a,λb)
) · κΦ(a,λb) ·Ψ(Φ(a, λb), κb)·
·Λ(Φ(Φ(a, λb), κb), b) · κ
−1
Ξ(Φ(Φ(a,λb),κb),b)
· λ−1Ξ(Φ(Φ(a,λb),κb),b) =
= (λa · κa) ·Ψ(a, λb) ·Ψ(Φ(a, λb), κb) · Λ(Φ(a, λb · κb), b)·
(λΞ(Φ(a,λb·κb),b) · κΞ(Φ(a,λb·κb),b))
−1 =
= (λ ∗ κ)a ·Ψ(a, (λ ∗ κ)b) · Λ(Φ(a, (λ ∗ κ)b), b) · (λ ∗ κ)
−1
Ξ(Φ(a,(λ∗κ)b),b)
=
= Λλ∗κ(a, b).
Here we have also used the relation (A1).
16
Now, we apply proposition 3 to a particular case, when
M ′ =M, H ′ = H, f0 = 1H and f1 is a bijection.
In this case we use the following notations: f = f−11 and
(i)f Φf = (f
−1, 1H) · Φ · f ,
(ii)f Ψf = (f
−1, 1H) ·Ψ · 1H ,
(iii)f Ξf = (f
−1, f−1) · Ξ · f ,
(iv)f Λf = (f
−1, f−1) · Λ · 1H .
The set of all bijections M →M is denoted by SM .
Then as an immediate consequence of proposition 3 we have the fol-
lowing result.
Corollary. For any MH ∈ Hg(N,H) and for each f ∈ SM the system of
mappings Ωf ,= (Φf ,Ψf ,Ξf ,Λf ) defines a structure of a hypergroup over the
group H on the basic set M .
We denote this hypergroup over the group by (MH)f .
It is not difficult to check the following theorem.
Theorem 7. For an arbitrary group H and for each set M the mapping
I : Hg(M,H) × SM → Hg(M,H), (MH , f) 7→ (MH)f
defines an action of SM on the set Hg(M,H), i.e., for any MH from
Hg(M,H) we have:
(a) (MH)f ·g = ((MH)f )g, f, g ∈ SM , (b) (MH)1M =MH .
The following lemma connects the actions T and I.
Lemma 9. The actions T and I are connected by the following relation:
for an arbitrary hypergroup over the group MH ∈ Hg(M,H) and for any
elements κ ∈MH and f ∈ SM
((MH)f )κ = ((MH)f ·κ)f .
Proof. For the systems of structural mappings
(Ωf )κ = ((Φf )κ, (Ψf )κ, (Ξf )κ, (Λf )κ) and
(Ωf ·κ)f = ((Φf ·κ)f , (Ψf ·κ)f , (Ξf ·κ)f , (Λf ·κ)f )
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of hypergroups over the group ((MH)f )κ and ((MH)f ·κ)f , respectively, we
need to check the equality of all corresponding components. To this end we
use the definitions of the actions T and I.
1) (Φf )κ(a, α) = Φf (a, α) = ((f
−1.1H) · Φ · f)(a, α) = f(f
−1(a)α),
(Φf ·κ)f (a, α) = ((f
−1, 1H) · Φf ·κ · f)(a, α) = f(Φf ·κ(f
−1(a), α)) =
= f(f−1(a)α).
2) (Ψf )κ(a, α) = κa ·Ψf (a, α) · κ
−1
Φf (a,α)
= κa ·
f−1(a)α · κ−1
f(f−1(a)α)
,
(Ψf ·κ)f (a, α) = ((f
−1, 1H) ·Ψf ·κ · 1H)(a, α) = Ψf ·κ(f
−1(a), α) =
= (f · κ)f−1(a) ·Ψ(f
−1(a), α) · ((f · κ)Φ(f−1(a),α))
−1 =
κa ·
f−1(a)α · κ−1
f(f−1(a)α)
.
3) (Ξf )κ(a, b) = Ξf (Φf (a, κb), b) = f([f
−1(f(f−1(a)κb), f−1(b)]) =
= f([f−1(a)κb , f−1(b)]),
(Ξf ·κ)f (a, b) = f(Ξf ·κ(f
−1(a), f−1(b))) =
= f([f−1(a)(f ·κ)f−1(b) , f−1(b)]) = f([f−1(a)κb , f−1(b)]).
4) (Λf )κ(a, b) = κa ·Ψf (a, κb) · Λf (Φf (a, κb), b) · κ
−1
Ξf (Φf (a,κb),b)
=
κa ·
f−1(a)(κb) · (f
−1(f(f−1(a)κb)), f−1(b)) · κ−1
f([f−1(f(f−1(a)κb )),f−1(b)])
=
= κa ·
f−1(a)(κb) · (f
−1(a)κb , f−1(b)) · κ−1
f([f−1(a)κb ,f−1(b)])
,
(Λf ·κ)f (a, b) = Λf ·κ(f
−1(a), f−1(b)) =
= (f · κ)f−1(a) ·Ψ(f
−1(a), (f · κ)f−1(b)) · Λ(Φ(f
−1(a), (f · κ)f−1(b), f
−1(b))·
((f · κ)Ξ(Φ(f−1(a),(f ·κ)
f−1(b)),f
−1(b)))
−1 =
= κa ·
f−1(a)(κb) · (f
−1(a)κb , f−1(b)) · κ−1
f([f−1(a)κb ,f−1(b)])
.
Lemma 9 is proved.
Proposition 5. The set HM × SM together with the binary operation
κf · λg = ((f · λ) ∗ κ)(f · g)
is a group.
We denote this group by G: G is the wreath product of the group H by
S(M).
Proof. The above defined operation is associative:
(κf ·λg) ·µh = ((f ·λ)∗κ)(f ·g) ·µh = (((f ·g) ·µ)∗ ((f ·λ)∗κ))((f ·g) ·h) =
= (((f · (g ·µ)) ∗ (f ·λ)) ∗κ)(f · (g · h)) = ((f · ((g ·µ) ∗λ))) ∗κ)(f · (g ·h)) =
= κf · ((g · µ) ∗ λ)(g · h) = κf · (λg · µh).
The neutral element of this operation is εM1M . Indeed
κf · εM1M = (κ ∗ (f · ε
M ))(f · 1M ) = (κ ∗ ε
M )f = κf,
εM1M · κf = (ε
M ∗ (1M · κ))(1M · f) = κf.
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The inverse element to κf is (f−1 · κ−1)f−1. Indeed
κf · (f−1 · κ−1)f−1 = (κ ∗ (f · (f−1 · κ−1))(f · f−1) = εM1M ,
(f−1 ·κ−1)f−1 ·κf = ((f−1 ·κ−1)∗(f−1 ·κ))(f−1 ·f) = (f−1 ·(κ−1 ∗κ))1M =
= (f−1 · εM )1M = ε
M1M .
The proposition is proved.
Theorem 8. The mapping
A : Hg(M,H)× G → Hg(M,H), (MH , κf) 7→ (MH)κf = ((MH)κ)f
is an action of G on the set Hg(M,H), that is the following relations hold:
(a) (MH)κf ·λg = ((MH)κf )λg, (b) (MH)εM1M =MH .
Proof. Using Theorems 6, 7, the lemma 9 and Proposition 5 we get:
(MH)κf ·λg = (MH)((f ·λ)∗κ)(f ·g) = ((MH)(f ·λ)∗κ)f ·g = ((((MH )κ)f ·λ)f )g =
= ((((MH )κ)f )λ)g = ((MH)κf )λg.
(MH)εM1M = ((MH )εM )1M = (MH)1M =MH .
Thus, Theorem 8 is proved.
For any hypergroup over the group MH ∈ Hg(M,H), the set of all
hypergroups (MH)κf over the group, where κf ∈ G, forms an orbit of MH
under the action A of G on the set Hg(M,H). The orbits having a common
element coincide. The set of all orbits under the action A of G on the set
Hg(M,H) is denoted by Hg(M,H)/A or Hg(M,H)/G.
5 Proof of the main theorem
Let H be an arbitrary group. We call an extension of H any monomorphism
of groups ϕ : H → G. The cardinality (cardinal number) of the quotient-set
G/ϕ(H) (or equivalently ϕ(H)\G) is called the degree of extension ϕ. Two
extensions ϕ : H → G and ϕ′ : H → G′ are called isomorphic, if there exists
an isomorphism of groups pi : G → G′ such that ϕ′ = ϕ · pi. Evidently,
isomorphic extensions have the same degree of extension. We denote by
Extm(H) the set of all classes of isomorphic extensions of the group H,
having a degree of extension m.
Suppose that M is an arbitrary set of cardinality m. The mappings
H : Extm(H)→ Hg(M,H)/A, E : Hg(M,H)/A → Extm(H)
are defined as follows.
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Let ϕ : H → G be an arbitrary extension of the group H of a degree
m and H be its image. We denote by ϕ the corestriction of ϕ to H:
ϕ : H → H, x 7→ ϕ(x).
Let M be a complementary set to H in G, MH be the associated
hypergroup over the group. Consider an arbitrary set M of cardinality
m = |M | and an arbitrary bijection ϕM :M →M . We set ϕ˜ = (ϕ,ϕM ) and
consider the unique hypergroup over the group MH , which is isomorphic
to MH under ϕ˜ (Proposition 3). Now we define H by assigning to each
extension ϕ this hypergroup over the group MH .
Conversely, let MH be an arbitrary hypergroup over the group belong-
ing to an element (orbit) of Hg(M,H)/A. Consider the outer exact product
G = H ⊙M , and the corresponding canonical map f0 : H → G (see section
3). We define E by assigning to each MH the extension ϕ = f0.
Theorem 9. The mappings H and E are well defined.
Proof. We need to check the following two assertions.
1) The orbit under action A of a hypergroup MH , corresponding to an
extension ϕ : H → G via above construction, does not depend:
(a) on the choice of a complementary set M to H in G,
(b) on the choice of a bijection ϕM :M →M and
(c) on the choice of a representative ϕ : H → G in a class of isomorphic
extensions.
2) For any hypergroup over the group MH ∈ Hg(M,H) and for an
arbitrary element κf ∈ G the extensions f0 and (f0)κf , corresponding to
hypergroups MH and (MH)κf , are isomorphic.
Below we prove these assertions.
1a) Assume that we have arbitrary two complementary sets M and
M
′
to H in G. Then there is a (unique) κ ∈ HM such that M
′
= κ ·M .
Therefore, ifMH , (MH)
′ ∈ Hg(M,H) correspond to complementary setsM
and M
′
, respectively, then (MH)
′ = (MH)κ. Consequently, MH and (MH)
′
belong to a same orbit under action A of the group G.
1b) Assume that ϕM : M →M and ϕ
′
M : M → M are two bijections.
Then there exists a (unique) element f ∈ SM such that ϕ
′
M = f · ϕM .
This means that the hypergroups MH , (MH)
′ ∈ Hg(M,H), corresponding
to the complementary set M under bijections ϕM and ϕ
′
M , are connected
by relation (MH)
′ = (MH)f . Therefore MH and (MH)
′ belong to a same
orbit under action A of the group G.
1c) Let ϕ : H → G and ϕ′ : H → G′ be two isomorphic extensions via
an isomorphism pi : G → G′. Let M be a complementary set to H = ϕ(H)
in G. Then M
′
= pi(M ) is a complementary set to H
′
= ϕ′(H) in G′.
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Let ϕM : M → M be a bijection. Then ϕ
′
M = ϕM · pi : M → M
′
is a
bijection as well. Assume thatMH corresponds to the hypergroupMH with
respect to ϕM and (MH)
′ corresponds to the hypergroup M
′
H
′ with respect
to ϕ′M . Then it is not difficult to see that MH = (MH)
′.
So, the assertion 1) is proved. Now we check the assertion 2).
2) The extension ϕ = f0 : H → G associated with the hypergroup MH
is defined as follows. The group G = H ⊙M has a basic set H ×M and a
binary operation
αa · βb = (α · aβ · (aβ, b))[aβ , b].
The monomorphism f0 sends an element α of H to the element (α ·θ)o of the
group G, where o is the left neutral element of the right quasigroup (M,Ξ)
and θ = (o, o)−1.
By definition (MH)κ·f = ((MH)κ)f . Therefore,it is sufficient to check
the assertion 2) separate;y for (MH)κ and (MH)f . We start by investigating
the case (MH)κ.
The extension (f0)κ : H → Gκ, associated with the hypergroup (MH)κ,
is defined in the following way.
The group Gκ = (H ⊙M)κ has a basic set H ×M as well, but the
binary operation is defined by formula
(αa · βb)κ = (α · (
aβ)κ · ((a
β)κ, b)κ)[(a
β)κ, b]κ.
Here for brevity we use notations
Φκ(a, α) = (a
α)κ, Ψκ(a, α) = (
aα)κ,
Ξκ(a, b) = [a, b]κ, Λκ(a, b) = (a, b)κ.
Note that then the relations (i)κ − (iv)κ of section 4 take a form
(i)′κ (a
α)κ = a
α,
(ii)′κ (
aα)κ = κa ·
aα · κ−1aα ,
(iii)′κ [a, b]κ = [a
κb , b],
(iv)′κ (a, b)κ = κa ·
a(κb) · (a
κb , b) · κ−1[aκb ,b].
Applying these relations, we get
(α · (aβ)κ · ((a
β)κ, b)κ)[(a
β)κ, b]κ =
= (α · κa ·
aβ · κ−1
aβ
· κaβ ·
aβ (κb) · ((a
β)κb , b) · κ−1
[(aβ)κb ,b]
)[(aβ)κb , b] =
= (α · κa ·
a(β · κb) · (a
β·κb , b) · κ−1
[aβ·κb ,b]
)[aβ·κb , b].
Consider a map of sets
gκ : H ×M → H ×M, αa 7→ (α · κa)a.
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This map represents a group homomorphism from Gκ to G since
gκ(αa · βb)κ = gκ(α · κa ·
a(β · κb) · (a
β·κb , b) · κ−1
[aβ·κb ,b]
)[aβ·κb , b]) =
= (α · κa ·
a(β · κb) · (a
β·κb , b))[aβ·κb , b] = (α · κa)a · (β · κb)b = gκ(a) · gκ(b).
Furthermore, gκ is a bijection, since it has an inverse map
(gκ)
−1 = gκ−1 , (κ
−1)a = κ
−1
a .
Therefore gκ defines an group isomorphism.
So, we have proved the following lemma.
Lemma 10. For any hypergroup MH over the group and for every element
κ ∈ HM there exists a canonical group isomorphism gκ from outer product
associated with the hypergroup (MH)κ to outer product associated with the
hypergroup MH . This isomorphism is given by the formula gκ(αa) = (α ·
κa)a.
The monomorphism (f0)κ sends an element α of H to the element
(α · θκ)oκ of the group Gκ, where oκ is the left neutral element of the right
quasigroup (M,Ξκ) and θκ = (oκ, oκ)
−1
κ .
Lemma 11. For any hypergroup MH over the group and for every element
κ ∈ HM
(a) oκ = o, (b) θκ = θ · κ
−1
o , (c) (f0)κ · gκ = f0
Proof. (a) According to (iii)′κ, A7 and P1(ii) for an arbitrary element a ∈M
we have
[o, a]κ = [o
κa , a] = [o, a] = a.
Hence oκ = o.
(b) According to (a), (iv)′κ, A8, A7, A9, P1(ii)
θκ = (oκ, oκ)
−1
κ = (κo ·
o(κo) · (o
κo , o) · κ−1[oκo ,o])
−1 =
= (κo · θ
−1 · κo · θ · θ
−1 · κ−1o )
−1 = θ · κ−1o .
(c) According to the definition of (fo)κ, (a), (b)
(fo)κ(α) = (α · θκ)oκ = (α · θ · κ
−1
o )o,
Therefore
gκ(fo)κ(α)) = gκ((α · θ · κ
−1
o )o) = (α · θ)o = f0(α).
Lemma 11 is proved.
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Thus, we checked the assertion 2) for (MH)κ.
Now we investigate the case of (MH)f .
The extension (f0)f : H → Gf , associated with the hypergroup (MH)f ,
is defined in the following. The group Gf = (H ⊙M)f has also the basic
set H ×M , its binary operation is defined by the formula:
(αa · βb)f = (α · (
aβ)f · ((a
β)f , b)f )[(a
β)f , b]f . (F5)
The monomorphism (f0)f is defined by assigning to each element α ∈ H an
element (α·θf )of , where of is the left neutral element of the right quasigroup
(M,Ξf ) and θf = Λf (of , of )
−1.
In (F5), we have
(aβ)f = Φf (a, β) = f(Φ(f
−1(a), β)) = f(f−1(a)β),
(aβ)f = Ψf (a, β) = Ψ(f
−1(a), β) = f
−1(a)β,
[(aβ)f , b]f = Ξf(Φf (a, α), b) = f([f
−1(f(f−1(a)α)), f−1(b)]) =
= f([f−1(a)α, f−1(b)]),
((aβ)f , b)f = Λf (Φf (a, α), b) = (f
−1(f(f−1(a)α)), f−1(b)) =
= (f−1(a)α, f−1(b)).
Therefore
(αa · βb)f = (α ·
f−1(a)β · (f−1(a)β , f−1(b))) f([f−1(a)β , f−1(b)]) =
= αf−1(a) · βf−1(b).
Consequently, by assigning to each element αa ∈ G an element αf−1(a) we
get a group homomorphism Gf → G, which we denote f−1.
Since
(f · g)−1 = f−1 · g−1, 1M = 1G,
then f−1 is an invertible homomorphism, i.e., it is an isomorphism.
Now. for any α ∈ H, we have
((f0)f · f−1)(α) = f−1((f0)f (α)) = f−1((α · θf )of ) =
= f−1((α · θ)f(o)) = (α · θ)f−1(f(o)) = f0(α).
Here we use the simple fact that of = f(o) and, consequently,
θf = (0f , 0f )
−1
f = (f
−1(f(o)), f−1(f(o)))−1 = (o, o)−1 = θ.
Thus, we have obtained the following result.
Lemma 12. Let MH be an arbitrary hypergroup over the group, f ∈ SM .
Then the group extensions
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ϕ = f0 : H → G and ϕf = (f0)f : H → Gf
associated with hypergroups over the group MH and (MH)f are isomorphic,
namely, ϕ = ϕf · f
−1.
This completes the proof of Theorem 9.
Theorem 10. The mappings H and E are mutually inverse.
Proof. Let MH be a hypergroup over the group, ϕ = f0 : H → G = H ⊙M
be the corresponding monomorphism of groups. Then the mapping E sends
the orbit of MH with respect of the action A to the class of extensions
isomorphic to ϕ.
Let us consider the image H of f0 and the coresrtiction f0 : H → H.
Similarly, let M be the image of the injection f1 :M → G and f1 :M →M
be the corresponding corestriction. Then M is a complementary set to the
subgroup H of the group G and we have an isomorphism of hypergroups
over the group:
f = (f0, f1) :MH →MH .
Therefore the image of a class of extensions isomorphic to ϕ with respect
to the mapping H is the orbit of the hypergroup MH under the action A of
the group G.
Thus, we proved that the composite E · H coincides with the identical
mapping of the set Hg(M,H)/A. Now we will prove that the composite
H · E coincides with the identical mapping of the set Extm(H).
Let ϕ : H → G be an arbitrary extension of the group H, H ′ = ϕ(H),
M ′ be a complementary set to the subgroup H ′ of the group G and M ′H′
be the associated hypergroup over the group, Ω′ϕ = (Φ
′
ϕ,Ψ
′
ϕ,Ξ
′
ϕ,Λ
′
ϕ) be its
system of structural mappings.
Let φ′ : M → M ′ be an arbitrary bijection, φ : H → H ′ be the
corestriction of ϕ, i.e., φ(α) = ϕ(α) for any α ∈ H. Set φ˜ = (φ, φ′) and
let (MH)φ˜ be a hypergroup with a basic set M over the group H, having a
system of structural mappings Ω
φ˜
= (Φ
φ˜
,Ψ
φ˜
,Ξ
φ˜
,Λ
φ˜
), uniquely defined by
the conditions
Φ
φ˜
· φ′ = (φ′, φ) · Φ′ϕ, Ψφ˜ · φ = (φ
′, φ) ·Ψ′ϕ,
Ξ
φ˜
· φ′ = (φ′, φ′) · Ξ′ϕ, Λφ˜ · φ = (φ
′, φ′) · Λ′ϕ.
Then, the orbit of (MH)φ˜ under the action A is the image of the isomorphic
class of the extension ϕ with respect to the mapping H.
The image of the orbit of (MH)φ˜ under the action A with respect to
the mapping E is the isomorphic class of the group extension f0 : H → Gφ˜,
where the outer exact product Gφ˜ = (H ⊙M)φ˜ is a group with a basic set
H ×M and with the binary operation
(αa · βb)
φ˜
= (α ·Ψ
φ˜
(a, β) · Λ
φ˜
(Φ
φ˜
(a, β), b)) Ξ
φ˜
(Φ
φ˜
(a, β), b).
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The monomorphism f0 is defined by the formula
f0(α) = (α · θφ˜)oφ˜,
where the neutral element o
φ˜
of the right quasigroup (M,Ξ
φ˜
) is equal to the
preimage of the neutral element o′ϕ of the right quasigroup (M
′,Ξ′ϕ) with
respect to the map φ′, and θ
φ˜
= Λ
φ˜
(o
φ˜
, o
φ˜
)−1.
Lemma 13. Consider the map of sets
pi : G
φ˜
= (H ⊙M)
φ˜
→ G, αa 7→ φ(α) · φ′(a).
This map determines an isomorphism of groups and f0 · pi = ϕ.
Proof. First, pi is a homomorphism since
pi(αa · βb)
φ˜
= pi((α ·Ψ
φ˜
(a, β) · Λ
φ˜
(Φ
φ˜
(a, β), b)) Ξ
φ˜
(Φ
φ˜
(a, β), b)) =
= φ(α ·Ψ
φ˜
(a, β) · Λ
φ˜
(Φ
φ˜
(a, β), b)) · φ′(Ξ
φ˜
(Φ
φ˜
(a, β), b)) =
= φ(α) · φ(Ψφ˜(a, β)) · φ(Λφ˜(Φφ˜(a, β), b))) · φ
′(Ξφ˜(Φφ˜(a, β), b)) =
= φ(α) ·Ψ′ϕ(φ
′(a), φ(β)) · Λ′ϕ(Φ
′
ϕ(φ
′(a), φ(β)), φ′(b))·
Ξ′ϕ(Φ
′
ϕ(φ
′(a), φ(β)), φ′(b)) = φ(α) · (φ
′(a)φ(β))ϕ · (φ
′(a)φ(β))′ϕ · φ
′(b) =
= φ(α) · φ′(a) · φ(β) · φ′(b) = pi(αa) · pi(βb).
Moreover, pi has an inverse map pi′ : G→ Gϕ˜. Indeed, for any element
x ∈ G there are unique elements α′ ∈ H ′ = ϕ(H) and a′ ∈ M ′ such that
x = α′ · a′. Set pi′(x) = (φ−1(α′), (φ′)−1(a′)). It is not difficult to check that
pi′ = pi−1. Consequently, pi is an isomorphism.
Second, for any α ∈ H we have
(f0 · pi)(α) = pi(f0(α)) = pi((α · θφ˜)oφ˜) = φ(α · θφ˜) · φ
′(o
φ˜
) =
= φ(α) · φ(θ
φ˜
) · φ′(o
φ˜
) = ϕ(α) · θ′ϕ · o
′
ϕ = ϕ(α).
Here we use that
φ(θφ˜) = φ(Λφ˜(oφ˜, oφ˜)) = Λ
′
ϕ(φ
′(oφ˜), φ
′(oφ˜)) = Λ
′
ϕ(o
′
ϕ, o
′
ϕ)) = θ
′
ϕ.
The lemma is proved.
Thus, we proved that the composite of mappings H · E is equal to the
identical mapping of the set Extm(H), and, consequently, we have proved
the main Theorem 10.
In the last two sections, by imposing various restrictions on hyper-
groups over the group and groups extensions, we obtain some particular
cases of the main theorem, including Schreier’s theorem of 1926 (see [1], [2]
and also [4], [5]).
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6 Hypergroups over the group with a trivial action
Φ and normal extensions of groups
Let MH be a hypergroup over the group with a system of structural map-
pings Ω = (Φ,Ψ,Λ,Ξ) and G = H ⊙ M be the associated (outer) exact
product.
Definition 5. We say that MH is a hypergroup with a trivial action Φ
of the group H on M , if aα = a for any a ∈ M and α ∈ H. Denote by
Hg0(M,H) the subset of Hg(M,H) consisting of all hypergroups over the
group with a trivial action Φ of the group H on M .
Proposition 6. Let MH be a hypergroup over the group with a trivial action
Φ of the group H on M . Then, we can assume that for such a hypergroup
over the group the system of structural mappings is Ω = (Ψ,Ξ,Λ), and
conditions P1 − P4 (of the definition of a hypergroup over the group) take
the following form.
(A) The structural mapping Ξ determines on M a structure of a group
with a neutral element o and with an inverse to a ∈M element a[−1].
(B) The structural mapping Ψ determines a mapping
Ψ :M → AutH, a→ Ψa, Ψa(α) = Ψ(a, α) =
aα,
which satisfies the condition
[a,b]α = (a, b)−1 · a(bα) · (a, b).
(C) The structural mapping Λ satisfies the condition
(a, b) · ([a, b], c) = a(b, c) · (a, [b, c]).
Proof. First of all, condition P2 and identity (A2) of condition P4 together
with structural mapping Φ become trivial and disappear.
Identity (A4) of conditions P4 is reduced to the associative law. This
law together with condition P1 is equivalent to condition (A), since a group
is exactly an associative right quasigroup with a left neutral element.
Identity (A5) is reduced to the identity of condition (C).
Now for an arbitrary a ∈M , let us consider the map
Ψa : H → H, Ψa(α) = Ψ(a, α) =
aα.
Identity (A1) is reduced to the condition that any map of this form is a
homomorphism. In Lemma 14 below we prove that any Ψa is invertible
and, consequently, is an automorphism. Finally, identity (A3) is reduced to
the identity of condition (B).
Note that this condition contains not only identities (A1) and (A3), but
also condition P3, since any automorphism is a surjective map. Proposition
6 is proved.
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Lemma 14. Let MH be a hypergroup over the group with a trivial action Φ
of the group H on M . Then, for any a ∈M , Ψa is an invertible map.
Proof. The identity of condition (B) has the functional form
Ψ[a.b] = Ψb ·Ψa · C(a,b), (F6)
where Cγ means the conjugation by element γ:
Cγ(α) = γ
−1 · α · γ.
Since, according to (A), (M,Ξ) is a group, we have
[a[−1], a] = o = [a, a[−1]].
Substituting a = b[−1] in (F5), we get
Cθ = Ψb ·Ψb[−1] · C(b[−1],b).
Hence, Ψb has a right inverse map
Ψ−1b = Ψb[−1] · C(b[−1],b)·θ−1 .
Similarly, substituting b = a[−1] in (F6), we get that there exists also a left
inverse map.
Proposition 7. For any hypergroup over the group MH with a trivial action
Φ of the group H on M and for any element fκ of G, the hypergroup over
the group (MH)fκ is with trivial action Φfκ of the group H on M .
In the case of hypergroups over the group with a trivial action Φ of
the group H on M , formulas (i)f −m(iv)f and (i)κ − (iv)κ are as follows.
Relations (i)f and (i)κ become tautologies. Relations (ii)f − (iv)f preserve
their form. Formulas (ii)κ − (iv)κ take the following form:
(ii)κ.0 (
aα)κ = κa ·
aα · κ−1a ,
(iii)κ,0 [a, b]κ = [a, b],
(iv)κ,0 (a, b)κ = κa ·
aκb · (a, b) · κ
−1
[a, b].
Proof. If the action Φ is trivial, then for any a ∈M, α ∈ H
(κ) according to relation (i)κ of Section 4
Φκ(a, α) = Φ(a, α) = a;
(f) f−1(a)α = f−1(a), consequently, f(Φ(f−1(a), α)) = a, which means
that Φf (a, α) = a.
Since (MH)fκ = ((MH)f )κ, the first part of Proposition 7 is proved.
The second part of this proposition is evident.
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Corollary. (a) An orbit from Hg(H,M)/A contains a hypergroup over the
group with a trivial action Φ of the group H on M if and only if all elements
of this orbit are hypergroups over the group with a trivial action Φ of the
group H on M .
(b) The subset Hg0(M,H) of the set Hg(M,H) is invariant under
action A of the group G. Therefore, by restricting A on Hg0(M,H), we get
an action of G on Hg0(M,H). There is a natural embedding
Hg0(H.M)/A ⊂ Hg(H.M)/A.
A group extension ϕ : H → G is called normal, if H ′ = ϕ(H) is
a normal subgroup of G. Clearly, an extension, isomorphic to a normal
extension, is normal as well. Therefore, a class of isomorphic extensions
contain a normal extension if and only if all extensions of this class are
normal. Let us denote by Extm,0(H) a subset of Extm(H), consisting of all
classes of isomorphic normal extensions.
Theorem 11. Let a hypergroup MH and a group extension ϕ correspond
to one another under mappings E and H. Then, ϕ is a normal extension
if and only if MH is a hypergroup over the group with a trivial action Φ of
the group H on M . Therefore, the restrictions of the mappings E and H on
Hg0(M,H) and Extm,0(H), respectively, determine a bijection.
Proof. The triviality of the structural mapping Φ means that a · α = aα · a
for any a ∈ M and α ∈ H. It means that the corresponding extension ϕ
is normal. The second part of Theorem 11 is an immediate consequence of
Theorem 10.
Now, let MH , (MH)
′ ∈ Hg0(M,H) and Ω = (Ψ,Ξ,Λ), Ω
′ = (Ψ′,Ξ′,Λ)
be their systems of structural mappings. Then, there is an element fκ ∈ G
such that (MH)
′ = (MH)fκ and, according to (iii)κ,0 of Proposition 7 and
(iii)f of Section 4, we have Ξ
′ = Ξfκ = Ξf , that is the groups (M,Ξ) and
(M,Ξ′) are isomorphic.
Let Hg0(H,M, [Ξ]) be a subset of Hg0(H,M), consisting of all hy-
pergroups (MH)
′, having a structural mapping Ξ′, isomorphic to a fixed
binary (group) operation Ξ. This means that Ξ′ = Ξf for some f ∈ SM .
Then, Hg0(H,M, [Ξ]) is invariant under the action of G, the group G acts
on Hg0(H,M, [Ξ]) and
Hg0(H,M, [Ξ])/A ⊂ Hg0(H,M)/A.
Let us emphasize that for any (MH)
′ ∈ Hg0(H,M, [Ξ]) we have that (M,Ξ
′)
is a group, isomorphic to the group (M,Ξ).
Definition 6. Let H and Q be arbitrary groups, ϕ : H → G be a normal
extension such that the quotient-group G/ϕ(H) is isomorphic to Q. In this
case, we say that G is an extension of H by Q or, equivalently, G is a
coextension of Q by H.
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If a normal extension ϕ : H → G has the quotient-group G/ϕ(H),
which is isomorphic to Q, obviously, any normal extension ϕ′ : H → G′,
isomorphic to ϕ, has the quotient-group G/ϕ′(H), which is isomorphic to
Q. Therefore, we have a correctly defined subset Ext(H,Q) of Extm(H),
where m = |Q|, consisting of isomorphic classes of all normal extensions ϕ
with the quotient-group isomorphic to Q, that is consisting of isomorphic
classes of all extensions of H by Q.
Theorem 12. By restriction of mappings E and H a bijection is established
between the sets Hg0(H,M, [Ξ])/A and Ext(H,Q), where Q = (M,Ξ).
Proof. Let (MH)
′ be a representative of an orbit from Hg0(H,M, [Ξ])/A.
Then, the image of this orbit with respect to E is the isomorphic class of the
extension
ϕ : H → G = H ⊙M, α 7→ (α · θ)o.
Since the considered orbit is from Hg0(H,M, [Ξ])/A, the extension ϕ is
normal and the quotient-group G/ϕ(H) is isomorphic to Q = (M,Ξ). Con-
sequently, the isomorphic class of ϕ belongs to Ext(H,Q).
Conversely, suppose that the extension ϕ : H → G represents an ele-
ment from Ext(H,Q). Consider a transversalM to the subgroup ϕ(H) of G
and corresponding hypergroup Mϕ(H) over the group. Then, the structural
mapping Ξ of Mϕ(H) is isomorphic to the binary operation of the group Q
and is isomorphic to the corresponding structural mapping of H(ϕ). There-
fore, H(ϕ) ∈ Hg0(H,M, [Ξ])/A.
In the sequel, we need a modification of this theorem, where the set
Hg0(H,M, [Ξ]) is replaced by its subset Hg0(H,M,Ξ), consisting of all hy-
pergroups MH , having the same structural mapping Ξ.
The following proposition immediately follows from the definition of
the group G (see Section 4, Proposition 5).
Proposition 8. The subset HM × {1M} of the group G forms a subgroup
of G, which is reverse isomorphic to the group HM .
We denote the obtained subgroup of G by (HM )rev.
Lemma 15. The subset Hg0(H,M,Ξ) of Hg(H,M) is closed under the
action of the group (HM )rev. By restricting A an action
Ao : (H
M )rev ×Hg0(HM,Ξ)→ Hg0(H, (M,Ξ)), MH 7→ (MH)κ
of group (HM )rev on Hg0(HM,Ξ) is determined.
Proof. It directly follows from the item (iii)κ of Section 4 and Proposition 8
above.
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Proposition 9. There exists a canonical bijection
ι : Hg0(H,M,Ξ)/(H
M )rev → Hg0(H,M, [Ξ])/G,
which sends the orbit of MH under the action A0 to the orbit of MH under
the action A.
Proof. The mapping ι is correctly defined and is injective and surjective
according to definitions of the actions A and A0.
Using this proposition, we get a modification of Theorem 12.
Theorem 13. The composite ι · E determines a bijection between the sets
Hg0(H,M,Ξ)/(H
M )rev and Ext(H,Q), where Q = (M,Ξ).
7 Commutative case and Schreier’s theorem
In this section, we suppose that the group H is commutative. Then, the
formula of item (B) of Proposition 6 is reduced to the form
(Bcom) Ψ([a, b], α) = Ψ(a,Ψ(b, α)).
This means that Ψ is a reverse action of the group (M,Ξ) on the group H
by automorphisms. Thus, the condition (Bcom) is equivalent to condition
that the mapping
(Bcom) Ψ : (M,Ξ)→ AutH, Ψa(α) = Ψ(a, α) =
aα
is a reverse representation (= reverse homomorphism of groups).
Condition (C) of Proposition 6 preserves its form
(Ccom) (a, b) · ([a, b], c) =
a(b, c) · (a, [b, c]),
but now the operation of multiplication is commutative.
Formula (iii)κ,0 of Section 6 preserves its form as well, and formulas
(ii)κ,0 and (iv)κ,0 take the form
(ii)κ,0,com (
aα)κ =
aα,
(iv)κ,0,com (a, b)κ = (a, b) · κa ·
aκb · κ
−1
[a, b].
Let Hg0(Hcom,M,Ξ,Ψ) be a subset of the set Hg0(Hcom,M,Ξ), con-
sisting of all hypergroups MH ∈ Hg0(Hcom,M,Ξ) with a fixed structural
mapping Ψ, and Ext(H, (M,Ξ),Ψ) be a subset of the set Ext(H, (M,Ξ)),
consisting of all extensions from Ext(H, (M,Ξ)) with a fixed reverse repre-
sentation Ψ.
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Theorem 14. The subset Hg0(Hcom,M,Ξ,Ψ) of Hg0(Hcom,M,Ξ) is in-
variant under the action A0, consequently, we get a subset
Hg0(Hcom,M,Ξ,Ψ)/A0
of the set Hg0(Hcom,M,Ξ)/A0. Hence, the restrictions of mappings E and
H, respectively, to Hg0(Hcom,M,Ξ,Ψ)/A0 and Ext(Hcom, (M.Ξ),Ψ) deter-
mine mutually inverse mappings and, consequently, a bijection of corre-
sponding sets.
Proof. The first part of this theorem follows from (ii)κ,0,com, while the second
part follows from Theorem 13.
The setHg0(Hcom,M,Ξ,Ψ)/A0 has another well known interpretation.
This interpretation is based on the following four propositions.
Proposition 10. Let H be a multiplicative group, M be an arbitrary set,
HM×M be the set of all mappings from the Cartesian product M ×M to H.
Define a binary operation ∗ on HM×M by the formula
(Λ ∗ Λ′)(a, b) = Λ(a, b) · Λ′(a, b),
where Λ,Λ′ ∈ HM×M and a, b ∈ M . This operation is associative, has a
neutral element
O(a, b) = ε for all a, b ∈M ,
where ε is the neutral element of H, and for any element Λ of HM×M there
is an inverse element Λ−1, determined by
Λ−1(a, b) = Λ(a, b)−1 for any a, b ∈M .
Thus, the set HM×M together with the binary operation ∗ is a group.
Proof. The verification of the group axioms is trivial.
The group (HM×M , ∗) is denoted by C2(M,H) and is called a group of
two-dimensional cochains. Its elements are called two-dimensional cochains.
For hypergroups over the group MH ∈ Hg0(Hcom,M,Ξ,Ψ) only the
structural mapping Λ is changed, the other structural mappings are fixed.
So, we can identify Hg0(Hcom,M,Ξ,Ψ) with a subset of the set H
M×M ,
when the group H is commutative and M is a group with the binary op-
eration Ξ. Let us emphasize, that Hg0(Hcom,M,Ξ,Ψ) coincides with the
subset of the set HM×M , defined by condition (Ccom).
Proposition 11. The subset Hg0(Hcom,M,Ξ,Ψ) of the set H
M×M is closed
under the binary operation ∗ and forms a subgroup of the group (HM×M , ∗).
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Proof. Let us check that if Λ,Λ′ ∈ HM×M satisfy the condition (Ccom):
Λ(a, b) · Λ([a, b], c) = aΛ(b, c) · Λ(a, [b, c]),
Λ′(a, b) · Λ′([a, b], c) = aΛ′(b, c) · Λ′(a, [b, c]),
then Λ ∗ Λ′ and Λ−1 also satisfy this condition. Indeed
(Λ ∗ Λ′)(a, b) · (Λ ∗ Λ′)([a, b], c) = Λ(a, b) · Λ′(a, b) · Λ([a, b], c) · Λ′([a, b], c) =
= Λ(a, b) · Λ([a, b], c) · Λ′(a, b) · Λ′([a, b], c) =
= aΛ(b, c) · Λ(a, [b, c]) · aΛ′(b, c) · Λ′(a, [b, c]) =
= aΛ(b, c) ·aΛ′(b, c) ·Λ(a, [b, c]) ·Λ′(a, [b, c]) = a(Λ∗Λ′)(b, c) ·(Λ∗Λ′)(a, [b, c]),
Λ−1(a, b) ·Λ−1([a, b], c) = Λ(a, b)−1 ·Λ([a, b], c)−1 = (Λ(a, b) ·Λ([a, b], c))−1 =
= (aΛ(b, c) · Λ(a, [b, c]))−1 = aΛ(b, c)−1 · Λ(a, [b, c])−1 =
= aΛ−1(b, c) · Λ−1(a, [b, c]).
The proposition is proved.
The group Hg0(Hcom,M,Ξ,Ψ) is denoted by Z
2((M,Ξ),H,Ψ) and is
called a group of two-dimensional cocycles. The elements of this group are
called systems of factors [4] or factor sets [5] or two-dimensional cocycles.
For an arbitrary κ ∈ HM , an element Λκ ofH
M×M is defined as follows:
Λκ(a, b) = κa ·
aκb · κ
−1
[a,b],
where as usual [a, b] = Ξ(a, b). Recall that by definition
κ−1a = (κ
−1)a = (κa)
−1.
Proposition 12. For any κ, λ ∈ HM the following formulas are true:
Λκ ∗ Λλ = Λκ∗λ, Λ
−1
κ = Λκ−1 .
Consequently, {Λκ, κ ∈ H
M} forms a subgroup of the group (HM×M , ∗).
Proof. For any a, b ∈M we have
(Λκ ∗ Λλ)(a, b) = Λκ(a, b) · Λλ(a, b) = (κa ·
aκb · κ[a,b]) · (λa ·
aλb · λ[a,b]) =
= (κa · λa) · (
aκb ·
aλb) · (κ[a,b]) · λ[a,b]) = (κ ∗ λ)a ·
a(κ ∗ λ)b · (κ ∗ λ)[a,b] =
= Λκ∗λ(a, b),
Λ−1κ (a, b) = (Λκ)
−1(a, b) = Λκ(a, b)
−1 = (κa ·
aκb · κ[a,b])
−1 =
= κ−1a ·
a(κ−1b ) · κ
−1
[a,b] = Λκ−1(a, b).
The proposition is proved.
32
The elements Λκ, κ ∈ H
M are called two-dimensional coboundaries,
the group ({Λκ, κ ∈ H
M}, ∗) is called a group of two-dimensional cobound-
aries and is denoted by B2((M,Ξ),H,Ψ).
Proposition 13. For any κ ∈ HM the element Λκ of H
M×M satisfies the
condition (Ccom). Consequently, B
2((M,Ξ),H,Ψ) is a subgroup of the group
Z2((MmΞ),H,Ψ).
Proof. Below, for any x, y ∈M , we use in (Ccom) the following notation:
(x, y) = Λκ(x, y) = κx ·
xκy · κ
−1
[x,y].
Then, equality (Ccom) is true because
a(b, c) · (a, [b, c]) = a(κb ·
bκc · κ
−1
[b,c]) · (κa ·
aκ[b,c] · κ
−1
[a,[b,c]]) =
= aκb ·
a(bκc) ·
aκ−1[b,c] · κa ·
aκ[b,c] · κ
−1
[a,[b,c]] =
= κa ·
aκb ·
a(bκc) · κ
−1
[a,[b,c]] = κa ·
aκb ·
[a,b]κc · κ
−1
[[a,b],c] =
= (κa ·
aκb · κ
−1
[a,b]) · (κ[a,b] ·
[a,b]κc · κ
−1
[[a,b],c]) = (a, b) · ([a, b], c).
The proposition is proved.
When H is an abelian group, the group Z2((M,Ξ),H,Ψ) is commu-
tative. Consequently, B2((M,Ξ),H,Ψ) is its normal subgroup. There-
fore we can consider the quotient-group Z2((M,Ξ),H,Ψ)/B2((M,Ξ),H,Ψ).
This quotient-group is denoted by H2((M,Ξ),H,Ψ) and is called a two-
dimensional cohomology group.
Theorem 15. Let H be a commutative group. Let MH be an arbitrary
representative of an orbit from Hg0(H,M,Ξ,Ψ)/A0 and Λ ∈ H
M×M be
its structural mapping. Then, by assigning to the orbit of MH the element
Λ ∗B2((M,Ξ),H,Ψ) ∈ H2((M,Ξ).H,Ψ), a bijection
j : Hg0(H,M,Ξ,Ψ)/A0 → H
2((M,Ξ).H,Ψ)
is correctly determined.
Proof. The assertion of this theorem immediately follows from (iv)κ,0,com
and the definition of a quotient-group.
Combining Theorems 14 and 15 and denoting Q = (M,Ξ), we get the
theorem of Schreier-1926 ([1], [2] see also [4], [5]).
Theorem 16. Let H be an abelian group and Q be an arbitrary group. Then
there exists a canonical bijection between the set of extensions Ext(H,Q,Ψ)
of H by Q with an arbitrary fixed reverse homomorphism Ψ : Q → AutH
and the two-dimensional cohomology group H2(Q,H,Ψ). This bijection is
given by the composite H · ι · j.
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Remark. Let H and Q be some groups, Ext(H,Q) be the set of isomorphic
classes of extensions of H by Q. We have proved that the set Ext(H,Q)
is parametrized by the two-dimensional cohomology groups H2(Q,H,Ψ),
where Ψ runs over all reverse representations Q → AutH, under the con-
dition that the group H is abelian. We have used this condition in three
points:
(a) to rearrange the factors in the right-hand side of the relation (A3),
(b) to have that B2(Q,H,Ψ) is a normal subgroup of Z2(Q,H,Ψ),
(c) B2(Q,H,Ψ) = {Λκ, κ ∈ H
M}, where Q = (M,Ξ), is closed with
respect to operation ∗.
For (a), a necessary and sufficient condition is that the image imΛ
of the structural mapping Λ lies in the center Z(H) of the group H. If
imΛ ⊂ Z(H), then evidently Λ−1 ∗ Λκ ∗ Λ = Λκ for any κ ∈ H
M . But
for (c), a necessary and sufficient condition is the commutativity of the
group H. Therefore, a description of Ext(H,Q, ,Ψ) as in Theorem 16 for a
noncommutative group H is impossible.
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